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1. INTRODUCTION AND NOTATION 
This paper investigates the p-blocks of cyclic defect in the groups G,(q) 
(q a prime power not divisible by 2 or 3). We determine the shape of the 
Brauer trees, and also which character corresponds to which vertex on the 
tree. 
We have investigated p-blocks for all primes p dividing the order of 
G2(q) such that p # 2,3 and p ! q. 
We note that for G = GJq), 
In this paper we deal with primes p dividing q2 3- q + 1. The remainder of 
the primes, that is, those dividing q + 1, are dealt with in [Sl 1, where we 
also describe the blocks of noncyclic defect for these primes. 
These results form part of a project proposed by Walter Feit, namely to 
determine the Brauer trees for all finite groups. 
The blocks and Brauer trees for the groups G,(2k) and G2(3k) are 
described in [S2], and a survey of all the results in this paper and in 
[Sl], [SZ] is given in [S3]. 
The conjugacy classes and character tables for G,(q), q not a power of 
2 or 3, are given in papers by Bomshik Chang and Rimhak Ree in 
[Cl, [C&R J, to which we refer the reader. 
As pointed out in [C, p. 1921, if p / IGI, p # 2, 3, and p J q, then p divides 
one and only one of the following: 
q2+q+1,q2-q+l,q+f,q-1. 
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1.1. We have the following maximal tori in G : 
HI = I4 Z,,Z2,ZJ)IZ; -‘=1,z1zzz3=l} 
H,= {h(z,,z,, zJzy+‘= l,z,zzz~= I} 
H,= {h(Z’,Z’ ‘,im.‘)Ii42-‘= 1) 
H,={h(z,zY,z q .“[z”’ ‘=l} 
H3={h(z,~4,z42)lzy2ty+1=1) 
H,={h(z,z 4,zy2)Iz42 -+‘=I}. 
For the notation h(z, zl, z2, zj) see [C, p. 1933. 
It follows that for the cases p ) q2 k q + 1 the blocks of maximal defect are 
cyclic, and with the help of Dade’s theorem on the structure of a block with 
cyclic defect [F, Chap. VII, Sect. 23 we determine the distribution of the 
characters into blocks, then find the Brauer trees using basic graph theory 
and the degree sizes, and finally using the decomposition of a projective 
character as a sum of principal indecomposable characters; find which 
character corresponds to which vertex. 
We now introduce some more notation and definitions: 
We denote by z elements of finite fields GF(q), GF(q2), etc., and by < 
elements of C. 
We denote by o both a complex cube root of unity and a cube root of 
unity in GF(q) when q- 1 (mod 3) or in GF(q’) when q- -1 (mod 3). 
As in [C&R]: 
h3 = h(z, z”, z”‘), zu’+rt ’ = ,z 1 3#1 
h, = h(z, z - “, z”), p-Y + ’ = 1 ,z’#l 
k,=h(-1, -1, 1) 
k, = h(o, co, co) 
c= 1 if q- 1 (mod 3); c= -1 if q= -1 (mod3). 
ForccE{l,2,a,b,3,6}, IC, is a complex linear character of H,. 
As in [C & R, p. 3961: for h E H,, S,(h) = (l/IC,(h)l) xM,, wZ w,(h). 
(See [C & R] for the full definitions of W,, M,, etc.) 
The irreducible characters of G,(q) are described in [C & R, 
pp. 398-4021. 
The families of generalized characters X,(X,) defined there are 
parametrized by homomorphisms of H,. These are the Deligne-Lusztig 
generalized characters R,, (see [Ca, Sect. 7.21) with TF= H,, O=IC,. 
We shall always denote here by n, those homomorphisms of H, such 
that X,(X,) are irreducible characters. 
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The rest of our notation is standard or follows [C & R]. Section 2 con- 
tains a summary of the results. Sections 3 and 4 contain the proofs. The 
results and proofs fall naturally into pairs since the results for p ( q2 - q + I 
are analogous to those for p I q2 + q + 1, except for the Brauer trees, which 
turn out differently in the two cases. We have therefore omitted the proofs 
in the case p I q2 - q + I where they parallel those for p I q2 + q + 1. 
The Appendix contains the list of degrees of irreducible ordinary charac- 
ters for G,(q) from [C & R, p. 4121. 
2. RESULTS 
2.1. Blocks of Cyclic Defecr for p 1 q2 + q + 1. Let h, be of maximal 
order in H,. Let r be a primitive (q2 + q + I )th complex root of unity. We 
denote q* + q + 1 = pd. r, where (r, p) = 1, and p is a prime, p # 2,3. 
(i) The principal block B, has the following Brauer tree: 
The exceptional family { X,(n,)} has ( pd - I)/6 members and corresponds 
to those 7~) such that rrJ(hfd)= 1. 
(ii) When q- I (mod 3) we have a block B, whose Brauer tree is 
cx 
3 0 
Xl? XII X31 Xl 
It contains a family of ( pd- 1)/3 exceptionals of type X,(X,) corre- 
sponding to those IC, such that ~~(hpd) = w or w2. (The final determination 
of the Brauer tree here is due to G. Hiss and K. Lux in a personal com- 
munication to the author.) 
(iii) Let nj(hj) = ?j’. Then for every i, 1 d i < r, 3i $0 (mod r), there is 
a block Bx, containing all pd characters XX(n,) defined by 7~~ such that 
n,(hp) = tip’. The Brauer trees for the B,, are 
cx 
3 0 
where the XJ(nJ) at the nonexceptional vertex is such that n,(h;) = 1, and 
the remaining pd- 1 characters are at the exceptional vertex. If 
q= -1 (mod3) we have (r-1)/6 such blocks; if q= 1 (mod3) we have 
(r - 3)/6. 
BRAUER TREES 381 
2.2. Blocks of Cyclic Defect for p 1q2 - q + 1. Let h, be of maximal 
order in H,. Let 5 be a primitive (q2 - q + 1 )th complex root of unity. We 
denote q2 + q - 1 = pd. r, where (r, p) = 1, and p is a prime, p # 2,3. 
(i) The principal block B, has the following Brauer tree: 
The exceptional family {X,(X,)} has ( pd - 1)/6 members and corresponds 
to those rrg such that n,(ht) = 1. 
(ii) When q E -1 (mod 3) we have a block B, whose Brauer tree is 
cx 
0 0 
X3? X6 XII X32 
It contains a family of ( pd- I)/3 exceptionals of type X,(X,) 
corresponding to those q, such that nJhSp”)=w or 02. (The final deter- 
mination of the Brauer tree here is again due to G. Hiss and K. Lux.) 
(iii) Let n,(h,) = 5’. Then for every i, 1 < i< r, 3i f 0 (mod r), there is 
a block B,, containing all pJ characters X,(X,) defined by rr6 such that 
nJh,$) = rip”. The Brauer trees for the B, are 
cx 
0 0 
where the X,(x6) at the nonexceptional vertex is such that ng(h;) = 1, and 
the remaining pd- 1 characters are at the exceptional vertex. If 
q= 1 (mod 3) we have (r - 1)/6 such blocks; if q E -1 (mod 3) we have 
(r - 3)/6. 
2.3. In terms of the Jordan decomposition of Lusztig in both cases 
p I q2 + q + 1 and p 1 q2 - q + 1, in addition to the exceptional characters, we 
have the following: B, contains only unipotent characters of G,(q). These 
correspond to the identity element. B, contains precisely those characters 
that correspond to the semisimple lement h(o, o, 0). 
For the Jordan decomposition for characters see [Ca, Sect. 12.91, and 
for a dictionary giving all the characters of G,(q) in terms of this decom- 
position, see [H2]. 
3. p1q2+q+l 
Let h,, {, p, and r be as in (2.1). 
3.1. In Table I we list all characters of G of degree prime to p (see the 
Appendix). 
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TABLE I 
Character Degree Degree (mod p”) Number 
‘6 1 
Xl2 0 
Xl5 M9+ uG9++ 1) 
XIX 9(y - 1)2(q’ - q + I)/‘6 
X,9 9(9? - I)?,‘3 
RN 9(9? - I )2!3 
X, (YJ - 1 )7Y2 - 9 1 1) 
Xl, 979’ + 1) 
Ift?= I X32 y’+ I 
X,3 9(9 + 1 )(Y’ + 1) 
I I 
I I 
-1 I 
I I 
_. I I 
_. I I 
6 (y’+y- 1 -c)/6 
2 I 
2 I 
-- 2 I 
3.2. PROPOSITION. The characters of G are either of p-defect 0 or of 
maximal p-defect. The characters of maximal defect are those listed in 
Table I and the-v are in blocks of cyclic defect. 
Proof: As mentioned in the Introduction, H, contains a p-Sylow sub- 
group of G and is cyclic. Hence the blocks of maximal defect are cyclic. We 
see from the list of character degrees that the degrees are either divisible by 
pd (in which case the characters are in the blocks of defect 0), or of degree 
prime to p (in which case the characters are in the blocks of maxima1 
defect, and are listed in Table I). 1 
3.3. Note. Let D = (h’,). It is implicit in [C & R] that IN,(D) : C,(D)/ 
= 6. However, we can prove it based on the fact that by [R], G can be 
embedded in CL,(q), and using Dade’s theorem [F, VII, Sect. 23. This fact 
gives us immediately that for all p-blocks, e 16. 
Before we proceed to find the p-blocks, we note that the {X,(X,)} differ 
only on H, and are the clear candidates for the exceptional characters from 
the list in Table I (since the other characters have different degrees except 
for X,,, R,, which differ on p’-elements). 
3.4. LEMMA. Let h he any element of H, such that h’# 1. Let x3, n; be 
arbitrary complex linear characters of H,. Suppose n,(h) = t’, n’,(h) = <” 
then : 
(i) ti3(hk) = ti;(hk)(Vk) o (ii) i’= +i, +qi, fq’i (mod(q’+q+ 1)). 
Proof Denote {‘= (T and t” = T. By checking the conjugates of h in H, 
we see that 
ti3(h) = o + o ‘+a4+a- “+&+a . q: (*I 
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Using (*) it is clear that (ii) * (i), checking h“ = 1, kJ separately. We now 
assume (i). We define 
P,(x)=(x-0)(x-a-‘)(x-4)(x-0 yx-oq(x-o-~2) 
&(x)=(x-r)(x-r-‘)(x- s~)(x-f.-~)(.r-T~2)(~~-T -4”). 
Using (*), a calculation shows that 
P,=X6-~7ilfhfX5+(3+i~(h~+~)+7i~(h~-~)).~* 
-(2+7i,(jp-V+~ )+27?,(h)) x3 + (3 + 7i,(h’ ‘-4) + 7fi,(P- 1)) x2 
- 7?#r)x + 1. 
Replacing 7ij by li; we get a similar expression for P,(x). Hence 
P,(x) = P,(x) follows from our assumption (i). 
From the definition of the polynomials, we find that by the uniqueness of 
the factorization over C we have that (a, cr-‘, c+, CJ q, by2, owv2) is a per- 
mutation of (r, 7-‘, F, T 4, f+, ,tmy2 ). This implies (ii) and concludes our 
proof. i 
Let x,(/r,) = 5; deftne the irreducible character X&n,). 
3.5. We now find the family of exceptional characters described in 
(2.1)(i): Suppose n,(x)= 1 for all p’-elements .Y of H,. Then n3(h$“)= 1 so 
that i= 0 (mod r). This gives us characters rt3 defined by i= fr, 
I G t < pd - I. The number of ri, we obtain in this way is ( p“ - 1)/6, as 
precisely 6 of the i defined as above yield the same 7i3, by Lemma (3.4). 
As the X,(n,) corresponding to these 7i, all agree on @-elements, and 
these are the oni-v 7i, such that n,(hgd) = I, this is a family of exceptional 
characters, so by their number, they belong to a block B, with index of 
inertia e = 6. 
Since X,(x3)( 1) = 6(p”) then by Dade’s theorem, if KE 8, is not an 
exceptional character, 
+x(l)- -pf$ $6~ 1 (mod p”), 
since the Brauer tree is connecred. It follows that the six nonexceptional 
characters in B, are 
since these are the only ones in Table I with degree x( 1) = + 1 (mod p”). 
This gives us the block B, in (2. I )(i). 
384 JOSEPHINE SHAMASH 
3.6. Suppose now that qz I (mod 3), then 31q* + q + 1 and 
k, = h(w, o, w) E H,. We now look at ail rr3 such that if x is a p’-element of 
H,, then 
n&x-) = 0 or w2 if 3 1 1x1 
n&l = I if 3 l 1.~1. 
This is equivalent to saying n,(hfd) = o or w*, and gives us characters zr:, 
defined by i zz *r/3 (mod I) or 
i=rf3+Ir & i = 2rf3 -I- tr, l<t<p”-1. 
The number of ff, obtained in this way is ( pJ- 1)/3 as i= r/3 + fr and 
i=2r/3+(p”-t)r yield the same lij 
(as 2r/3+(p”-t)r= -(r/3+rr)(mod(q2+q+ I))) 
so we need count only nj with i = r/3 + tr, but by Lemma (3.4), three dif- 
ferent i will yield the same ti3 here (since only qi, q*i can be written in this 
form as well). As in the previous case, this gives a family of exceptional 
characters X,(X,) with (pd- 1)/3 members, and by their number, they 
belong to a block 5, with index of inertia e = 3. 
Since X,(n,)( 1) = 6( pd), by Dade’s theorem, if x E 5, is not an excep- 
tional character, we have 
f~(l)= -p~a6z2 (mod pd). 
It follows that the three nonexceptional characters in 5, are 
since these are the only ones in (3.1 f with degree x( 1) - +2 (mod p”). This 
gives us the block 5, in (2.1 )(ii ). 
There remain only the characters X, defined by n3 such that 
n,(hf) # 1, w, ~0’ or 3i $0 (mod r). 
3.7. Let i be as above. If r&(/t,) = 5’ defines the irreducible character 
X3(1cj) then by Lemma (3.4), 
X,(X;) and X,(n,) agree on all p’-elements 
0 (Vk) ti;(hp)= ti#qdk)o. 
i’p” = fip”, * iqp”, + iq2p” (mod(q’ + q + I )). 
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We now fix i, 1 6 i < P. In finding the X&n;) that agree with the X3(n,) 
on all $-elements, we can w.1.o.g. (by replacing i by - i, It: qi, + q2i if 
necessary) assume that the i’ that defines X,(n;) is such that ipd = i’p’! This 
yields 
i’ = i + fr, O<ftgp”-1. (*I 
This defines pd different homomorphisms n;. 
3.8. CXAIM. The n; de~ned in (*) yield pd different X,(x;) that c~n.~tit~f~ 
u block as in (2.l)(iii). 
Proof. By Lemma (3.4), we need only to check whether, for i’ of the 
form (*), -i’, +qi’, f q2i’ can also occur in the form (*). 
We check one case as an example: if qi’ occurs in (* ), we have 
qis qi’ SE i’ z i (mod r). This yields (q - 1 )i = 0 (mod r), but (r, q - 1) = 
(q2 -t- q -t 1, q - 1) = 1 or 3, so we would have 3i = 0 (mod r), which was 
excluded. 
This gives us p“ different lf; and X,(n3). These constitute a block since 
we have divided those X,(x,) that remained into families defined by (*), 
The X3(&) in each agree as Brauer characters and so are contained in one 
block. As there can be only one family of pd characters in one cyclic block, 
each family therefore constitutes a block, which we denote by BxJ and is as 
described in (2.l)(iii). 1 
3.9. Note. If we regard rr3 as acting on the product H, = (h;) x (hqd), 
then in a given block Bxl, all the characters correspond to rtj that restrict 
to a fixed homomorphism of (h,pd) and vary over all homomorphisms 
of (h;), by (3.8) so we can indeed choose a 7t; in (3.7) that is trivial on 
p’-blocks as in (2.1)( iii). 
3.10. We now enumerate these blocks: 
If q z -1 (mod 3) the number of characters in the blocks BY, is the 
number of X, not in f?,, (q* + q)/6- (p“- 1)/6= p“. (r- 1)/6. This gives 
(r - 1)/6 blocks, each with p” characters. 
If q SE 1 (mod 3) we count the X, neither in B, nor in B3, giving (r - 3)/6 
blocks each with pcf characters. 
This exhausts the list in (3.1) and so completes the list of blocks. 
We now construct the Brauer trees: 
Let r(B) denote the Brauer tree for the block B. 
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Proof: B, has Iive real characters, which by Dade’s theorem he on a 
straight line in t(B,). The two complex conjugates, X,9 and R,9, are per- 
muted by the tree automorphism induced by complex conjugation, which 
fixes the real vertices. Therefore, either the tree is one of the above trees, or 
it is linear. We now show that the latter is impossible. W.l.o.g., we suppose 
X,, is connected to the real vertex X. Then d,,,., = 1 = d,, for some 
Brauer character cp. Let S be the set of @-elements of G. 
So we have: X,,I,=cp+ . . ..Xls=cp+ .... But then: X,91s=@f ..a; 
xl.y=Rl.q=@+ ..., which means that x,, and X are connected as well. 
This means that the tree is not linear. Clearly, X,, and W,, cannot be 
joined to more than one real vertex or we would have a closed path on the 
tree. So we are left with the trees (a), (b), (c) depending on which real 
vertex X,9 and W,, are joined to. 4 
3.12. CLAIM. T{ B I ) is nor qf rhe fix-m 
0 0 
ProoJ: Since 1, is irreducible as a Brauer character, it lies at an end 
vertex. By Dade’s theorem, this determines the degrees (mod p”) at all 
other vertices. We write these at each vertex. (At the exceptional vertex, we 
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write (( pd- 1)/6) X3( 1) z - 1 (mod p”), and not X3( 1) (mod p”).) There 
are two possibilities :
Case 1: 
01 
I -I 1 I I 
0 0 
16 
01 
cannot occur since X,,( 1) = X,9 E - 1 (mod p“) and not + 1 (mod p“). 
Case 2: 
cannot occur for the same reason. 1 
3.13. CLAIM. r(B,) is not of the form 
Proof. If T(B,) is of the above form, then 1 G is at the end vertex that is 
not adjacent to XI9 and w,9, since it is irreducible as a Brauer character. 
We write the degrees (mod pd) at each vertex. As remarked above, the 
exceptional vertex will be one of those marked - 1: 
This gives us four cases: we can have either X3 or X,, at the unlabelled 
vertices marked - 1, and either X,, or X,, at those marked + 1. 
In each case we can show that one of the edges would correspond to a 
Brauer character with negative degree, and thus derive a contradiction. 
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For example, we eliminate two cases as follows: 
would yield 
dlf=q(q- U2(q2-q+UP-2qfq2- u2/3 
= -fq(q- ly(q*+3q+ l)<O. 
Choosing appropriate cp in the remaining cases we again get cp( 1) < 0 and a 
contradiction. 1 
3.14. CONCLUSION. r(B,) is of the form 
Proof: From (3.11), (3.12), (3.13) we are left with the above tree. Since 
1 G, Xr9, and K,, are fixed (up to tree isomorphism ) we can assign the 
degrees (mod p”) to the remaining vertices as above. [ 
This leaves four possibilities: the vertices marked + I can be X,z and 
XIR, and those marked - 1 are X3 or X,,. We eliminate two immediately 
by examining degrees of appropriate Brauer characters: 
3.15. CLAIM. X,, is not at the vertex adjacent to A’,, and x,,>. 
Proof: Assume the contrary. We check both cases: 
Case 1 : 
cp(l)=jq(q+ U2(q2-q+ u-q”. Let f(x)=xS-f(x+ 1)*(x*-x+ l)= 
.x5 - 3(x” + x3 + x + 1). Then f(2) = 37/2 > 0. Since f”(-r) > 0 for all x 2 2 
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and f’(2) > 0, we have that J(x) is a monotonic increasing function for 
x>2 and so f(x)>0 for all x>2. q(l)= -q .f(q) so that for all q, 
q( 1) c 0. This gives us a contradiction. 
Case 2 : 
q?(l) = (q*-1y(q2-q+ I)-q6 < q4(q2--q+ I)-q6 = 94(1-q) < 
O--a contradiction. 1 
We are now left with two possible trees. We show that one of them 
cannot occur: 
3.16. CLAM. z( B, ) is the tree 
Proof: Assume not. By (3.14) and (3. 
other possible tree, namely 
15) we should then have the only 
We consider first the character (1 8)G, where B is the Bore1 subgroup of G 
(so 3= H, U, j 171 = q6). By [C &R, p. 4021, 
(ldG= 1,+x,*+x*3+x,4+2x,5+2x*6. (*I 
(1 s)G is projective and can be written as a sum of principal indecom- 
posable characters, by [F, (I. 13.1)]. If we write each principal indecom- 
posable character as a sum of irreducible characters, by the linear indepen- 
dence of Irr G, we should again get the coefficients in (*). 
Hence, if r is the tree, then Q, = _23 X, + 1 c is the principal indecom- 
posable character containing 1 c as a constituent, and if (1 a)G is written as 
481/123i2-9 
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a sum of principal indecomposable characters then @ occurs if and only if 
1 G occurs in (*). So by (*), @ occurs and so also 1 X, must occur in 
(*)-which gives us a contradiction. Therefore T( B, ) is the tree described in 
(2.1 j(i). I 
We now find r(B,). By (3.6) and (3.1), since ((pd- 1)/3) 6 = -2 
(mod p”), and X3,, X,,, X,,, and {X,} are real characters, we have four 
possible trees :
2 2 1 2 
0 0 
where -2 is either X, or X,,, and + 2 is either X,, or X,,. 
3.17. CLAIM. s(B,) is of the form 
Proof. We exclude the other two cases by examining degrees of 
appropriate Brauer characters. 
Case 1 : 
We get: cp(l)=q(q+ l)(q3+ l)-q3(q3+ l)=q(q3+ l)(q+ 1 -q2)<0 
since q > 1. 
Case 2 : 
We get: cp(l)=q’+ 1 -q(q+ l)(q3+ l)=(q’+ l)(l-q2-q)<O-also 
impossible. 
This leaves us with two possible trees, namely 
ex cx 
0 4 or 0 0. (*I I 
X32 Xl3 X>I X3 X32 Xl XII .Y?l 
I am grateful to G. Hiss and K. Lux for the proof of the following claim: 
3.18. CLAIM (Hiss and Lux [Hl 1). The Brauer tree T( B3) is 
cx 
1 0 
.YJI XII X31 XI 
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Proof: We consider the product of characters X,, .X,*. We have 
(Xi,. x,2* X32) = 1 
(X,6.X,,, X,3)=2 
(X16.X32r X.3,)= 1. 
Since Xl6 has defect 0, we write X,, . X,, as a sum of principal indecom- 
posable characters as it is projective and observe that the tree on the right 
in (*) cannot occur. This concludes the proof of (2.l)(ii). 1 
We find $Bx,) by proving a claim we phrase in more general terms. 
3.19. CLAIM. Let B he a ~~~)~k of ryclic defect d ~.~nf~ini~g p” chffruc~er.~ 
XJn,) such that x, agree on p’-elements and vary over aii the 
homomorphisms of the defect group, when restricted to p-elemenrs. Then T(B) 
is of the form x , where the character at (*) corresponds to x,(x) = 1 
for all p-elements x. 
Proof: The X,(q) agree as Brauer characters and so must all be con- 
nected to the same edges on the Brauer tree, hence e = 1 and we have T(B) 
as above. By [F, (V111.2.17)], the nonexceptional character has integral 
values on the higher decomposition umbers, and so also on p-elements, so 
that since 71, run over all the homomorphisms of the defect group when 
restricted to p-elements, we must have IZ, with a trivial restriction 
corresponding to the character at (*). 1 
By (3.8) and (3.9), this concludes the proof of (2.1 )(iii). 
4. pIq2-q+l 
Let h,, 5, p, and r be as in (2.2). 
4.1. In Table II we list all characters of G of degree prime to p (see the 
Appendix). As in Section 3, we can easily show: 
4.2. PROPOSITION. The charwrers of G are either of p-defect 0 or of 
maximal p-defect. The characters of maximal defect are those listed in 
Table II and they are in blocks of cyclic defect. 
Since for this case the (X6(x6) 1 are the natural candidates for the excep- 
tional characters in the blocks, we state without proof an analogue to 
Lemma f 3.4) : 
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TABLE II 
Character Degree Degree (mod p”) Number 
I 
x: 
I I I 
Y6 1 I 
XI6 Y(Y + 1 )2(9’ + Y + 1 )i6 .- I I 
X*7 h(9 - 1 )2(92 + 4 + 1) I I 
9 
xk’ 
9(92 - 1 I Y/3 
(92 - 9( 1)2(92 9  f y/3 9 + 1) 
I I 1 
6 (y’ - 9 - I + e):6 
X1’ Y”(91 - 1) 2 I 
Ifs= -I x12 y’- I .- 2 I 
x,3 9(9 - 1 )((I’ - 1) 2 1 
4.3. LEMMA. Let h he any element of H, such that h3 # 1. Let n6, II: be 
arbitrary complex linear characrers of H,. Suppose n,(h) = <‘, n:(h) = t” 
then : 
(i) &(hk) = 7ib(hk)(V’k) o (ii) i’- fi, fqi, +q*i(mod(q*-q+ 1)). 
As before, we obtain the blocks B,, B,, and B,, listed in Section 3 using 
the lemma when necessary. 
We now construct the Brauer trees. r(B,) is one of the trees listed in 
Lemma (3.11) since the lemma holds in this case too. 
4.4. T(B,) is nor of fype (a) or (c) in Lemma (3.11). 
Proof: Since 1, must be at an end vertex, as in Section 3, the degrees 
(mod p”) at the vertices are determined. As in Section 3, the exceptional 
vertex will correspond to a vertex labelled ((p“ - 1)/6).X,( 1) = - 1 
(mod p“). 
Case (a): 
Here we get four vertices labelled - 1 instead of only two (which by (4.1) 
should correspond to X,, and X,)-which is impossible. 
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Case (c): 
Again we get a contradiction as we get four vertices labelled - 1. [ 
4.5. CONCLUSION. T( B, ) is of the form 
lp XI. 
I -1 I -I 1 
0 0 
I 0 x9 
4.6. CLAIM. t(B,) is not of the form 
ProoJ In each of the four possible cases we would obtain a Brauer 
character with negative degree, as in (3.13) and (3.15). 1 
4.7. r( B,) is of the form 
where the vertices labelled + 1 correspond to A’,, and X,z. 
Proof. By (4.6), 1, is at the vertex marked above. This gives four 
possible trees, We exclude the two trees with X, adjacent to 1, as in these 
cases we would have a Brauer character of negative degree. 1 
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4.8. CLAIM. T( B, ) is the tree 
Proof: Assume not. Then by (4.7), s(B,) must be the tree 
<, 
1,. Xl, X,: 
x 
X6 x,: 
RI” 
Again, as in (3.16), considering the decomposition of ( 1 B)G‘ as a sum of 
irreducible characters, and as a sum of principal indecomposable charac- 
ters, we obtain a contradiction. 1 
We now find r(Bj). Since the characters in the block X,, , X,,, X33, and 
{X,} are real, and by (4.1) their degrees are congruent to k2 (mod pd) (as 
((p’- 1)/3).6= -2 (modpd)), we have four possible trees: 
2 -2 2 2 
0 0 
where -2 is either Xj2 or X, and +2 is either X,, or X,,. 
4.9. CLAIM. r(B,) is of the form 
ex 
0 0 
X6 x32 
Proof: In the other two possible cases, we would get a Brauer character 
with negative degree. 1 
As in Section 3, the following claim is due to G. Hiss and K. Lux: 
4.10. CLAIM (Hiss and Lux [H 11). r(B,) is the free 
Proof. Here we have 
(X,,.X,*. X32)= 1 
(X,, . x,*9 X33) = 0. 
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Again, since X1* is of defect 0 we can observe that the tree 
cannot occur. 1 
As in Section 3, the trees for the blocks B, are as required since, as in 
the previous case, the X,(x,) in the blocks B,, fulfill the conditions in 
(3.19). 
APPENDIX 
Degrees and Numbers of Irreducible Characters 
Character Degree Number 
X, 
x2 
X0 
Xb 
X1 
X6 
X,” 
Xi” 
Xlh 
Xi, 
X2” 
Xt, 
x2, 
X;D 
x2, 
x22 
x2,. x24 
X3, 
x32 
X.33 
Xl, 
x,2 
Xl,. x1.4 
Xl, 
X16 
X,7 
X,8 
x19. x,9 
(q+ l)‘(q4+y2+ I) 
(9 - I )qq” + y2 + I ) 
y6- 1 
q6- I 
(4’ - I J2(q2 - y + 1) 
(Y2 - 1 )2(92 + 9 + 1) 
9(9 + 1 NY4 + 9? + 1) 
(9+ l)(q4+q2+ 1) 
9(9+1)(Y4+Y2+1) 
(9+ 1)(94+92+1) 
Y(9 - 1 )(94 + Y2 + 1) 
(Y- l)(Y4+Y2+ 1) 
Y(9 - 1 )(94 + Y2 + 1) 
(9-l)(Y4+q2+1) 
Y2(Y4 + Y2 + 1) 
y4+y2+ I 
9(y’+ y2 + 1) 
9’(9) + cl 
93+E 
9(9 + &)(9! + c) 
1 
Yh 
9(94 + Y2 + I)/3 
9(9 + 1 )2(92 - 9 + 1 )i2 
~(9 + 1 )2(92 + q + 1 V6 
Y(9 - 1 j2(Y2 + 9 + 1 J/2 
9(9 - 1 J2(y2 - 9 + I)/6 
9(92 - 1 )2/3 
(y2-89+17+2E)/l2 
(92-49+5-2&)/12 
a(9 - I )’ 
49-1J2 ‘t 
(y2+y- I -c)/‘6 
((I?-y- 1 +c)/6 
ywcj 
c 
i r(9-3) 
f(Y-3) 
f(Y- 1) 
!(9 - 1) 
!(Y-2+&) 
i(9 - 2 + E) 
I 
I 
2 
I 
I 
I 
I 
I 
2 
396 JOSEPHINE SHAMASH 
ACKNOWLEDGMENT 
This paper forms part of my Ph.D. thesis, which I did under the supervision of Professor 
Walter Feit. I am very grateful to him for his help and advice. 
REFERENCES 
[Cal 
cc1 
R. W. CARTER, “Finite Groups of Lie Type: Conjugacy Classes and Complex 
Characters,” Wiley, Chichester/New York, 1985. 
B. CHANG, The conjugate classes of Chevalley groups of type (G,), J. Algebra 9 
(1968), 190-211. 
[C & R] B. CHANG AND R. REE, The characters of G,(q), Sympos. M&h. 13 (1974), 395413. 
CFI W. FEIT, “The Representation Theory of Finite Groups,” North-Holland, 
Amsterdam/London, 1982. 
CHll G. Hrss AND K. Lux, personal communication to the author. 
WI G. Hess, On the decomposition umbers of G,(q), .I. Algebra, in press. 
CR1 R. IbE, On some simple groups defined by C. Chevalley, Trans. Am. Math. Sot. 84 
(1957), 392400. 
CSll J. SHAMASH, Blocks and Brauer trees in the groups G,(q) for primes dividing q + 1, 
Communications in Algebra, in press. 
WI J. SHAMASH, Blocks and Brauer trees for the groups G,(2k), G2(3k), in preparation. 
cs31 J. SHAMASH, Blocks and Brauer trees for groups of type G,(q), in “Proceedings, 
AMS Summer Institute on Representation Theory of Finite Groups, Arcata, CA, 
July 1986.” 
